Abstract-Heat and charge transport characteristics of nanocolloids have been bridged from fundamental analysis. The relationship between the two transport phenomena in dielectric nanostructure-based polar colloids has been quantitatively presented. An extensional intuitive analogy to the Wiedemann-Franz law has been drawn. Derived from the fact that mobile electrons transport both heat and charge within metallic crystal structure, the analogy can be extended to nanocolloids, wherein the dispersed population act as the major transporter. The analogy allows modeling of the relationship between the two phenomena, and sheds more insight and conclusive evidence that nanoparticle traversal within the fluid domain is the main source of augmented transport phenomena exhibit by nanocolloids. Important factors, such as the thermal and dielectric responses of the nanocolloid can be quantified and bridged through the semianalytical formalism. The theoretical analysis has been validated against experimental data and variant scientific literature, and good accuracy has been observed.
molecules act as transporters of energy across the void medium. Similarly, the particles act as mobile transporters within the fluidic medium. Again, metals mimic gases in essence that the mobile electrons, which transport thermal and charge can be likened to an electron gas. Therefore, in essence, nanocolloids also essentially mimic metallic transport features, where the mobile particles act as transporters. The approach exploited in the present formulation is based on extending the established Wiedemann-Franz law [17] to nanocolloids.
The basis of such extensional analogism reclines on the fact that in similitude to metals, wherein the conduction band electrons act as the mobile carriers of thermal and electrical energy, the dispersed nanoparticulate phase acts as mobile carriers of energy across the fluid matrix. Electrons acquire thermal energy by internal storage and charge due to intrinsic property, which are then transported due to mobility across the crystal structure. Likewise, nanoparticles acquire heat by interactions with fluid molecules and neighboring particles and charge is generated due to formation of the electric double layer (EDL) due to particle-fluid interfacial interactions. The two systems are in essence similar, and can be hypothesized to obey similar physical models. The Wiedemann-Franz law is expressible as [17] k σT = L
where, k, σ, T and L represents the thermal conductivity, electrical conductivity, absolute temperature and the Lorentz constant. However, this basic formulation fails to bridge the two transport parameters since fluidic systems are more complex in structural and aggregation aspects. Unlike a metallic lattice, wherein the atomic positions are fixed in spatio-temporal coordinates, a fluidic system is mobile. Although a matrix analogy can be conceived, the fluid molecules move about their mean positions with spatio-temporally variant velocities, and as such Eqn.
(1) in its own form cannot be applied without specific modifications. A pictographic representation of the conceived matrix hypothesis is illustrated in Fig. 1 . Above all such complexities, colloidal systems are phase mixtures and exhibit physical properties which are dependent on the morphological and physical characteristics of the dispersed phase and therefore the mathematical representation becomes further complex. In the present article, a simplistic route to determine the bridging parameter of the two transport mechanisms has been assorted to. An intuitive approach, semi-empirical by nature, has been developed to extend the transport equation described in Eqn. (1) to nanocolloids. Since nanoparticles are not fundamental entities like electrons, the equation requires modifications so as to implement their thermal and dielectric properties. Furthermore, nanocolloids being twin phase systems, the concentration and viscous resistance experienced by the mobile particles require explicit incorporation within the formalism.
II. MATHEMATICAL FORMULATION

A. Analytical Model
The approach involves intuitively choosing the right transport parameters so as to normalize Eqn. (1) in a fashion such that both the terms on either sides of the equivalence operator convert to variables that are purely functions of transport properties of the colloidal system and its constituents, thereby bridging the thermal and electrical transport properties of the system. In this process, the diametric magnitude, thermal conductivity, relative permittivity and concentration of the dispersed phase and the dynamic viscosity of the fluidic phase are utilized. The normalization is performed based on the relation of the concerned property with respect to the thermal and electrical conductivities of the nanocolloid. The particle diameter d np maintains an inverse relationship with the thermal conductivity of the nanocolloid [1] , [4] , [8] , [11] , [16] , k c .
However, the thermal conductivity of the nanocolloid holds a direct relationship with the thermal conductivity of the particulate phase [7] , [18] , [19] k np and the viscosity of the fluidic phase [9] , [11] , [19] , [20] , μ f . Similarly, the electrical conductivity of the colloid, σ c , exhibits direct dependence on the relative permittivity of the dispersed phase [5] , [9] , [21] , [22] , ε r,np , and an inverse relation to the viscosity of the fluidic phase [9] , [21] . However, the dependencies of thermal conductivity and electrical conductivity on the viscosity of the fluidic phase are nonequivalent [9] , [18] and an exponent is required to map the exact response. The ratio of the conductivities is observed to be governed by the dynamic viscosity of the fluid, raised to an exponent. The viscous resistance to the mobility of the particulate phase is of utmost importance since the transport of energy is mediated by the transport of the individual particles from one location to another within the fluidic domain, whose efficacy in turn is mediated by the viscous drag [11] . The final normalized form, in terms of the colloid concentration, ϕ, can be expressed as
The term C is a variable unlike the Lorenz constant [23] in the Wiedemann-Franz law and can be deduced from the physical properties of the colloid. Detailed analysis of experimental data [8] , [19] suggests that essentially all colloids follow a general trend. Based on this fact the magnitude of C can be determined. In simplistic form, it can be expressed as a function of concentration as
where, d inf and τ r are proposed as the diameter of influence for the particle-fluid system and the thermal response index of the particle with respect to the fluid, respectively. From the obtained basic expression for C, it can be theorized that the transport parameters involved in heat and charge conduction within nanocolloids is governed by the volume fraction of the dispersed phase. The dependence is further governed at the particle-fluid interface [15] by thermal and dielectric properties of the particulate and fluid phases and their interactions, which can be mathematically explained.
In a stable colloid individual particles are shrouded by an EDL [24] whose diametric magnitude depends upon factors such as the surface charge density of the particles, the dielectric properties of the dispersed and the fluidic phase, the concentration of the dispersion [9] , etc., Intrinsically, the mobility of the dispersed phase within the fluid phase is governed by the extent to which the EDL extends from the surface of the particle [24] . Also, due to the combined effects of thermo diffusion and electro diffusion, the particle exists in a constant state of Brownian randomness that can be described on the basis of Langevin dynamics [25] .
Thereby, it is difficult to conceive the particle at a fixed position in space and suitable metrics must be defined to ascertain the probabilistic position of the particle in space. This endeavor is important since the positional aspect of the particle gives a clear picture of the diffusive randomness, and thus the transport capabilities of the system. In the present context, it therefore deems a necessity to hypothesize an equivalent d inf for the particle. The d inf may be defined as the effective diameter of an imaginary sphere in the fluidic phase wherein the effects of interplay of van der Waals forces, electrostatic repulsions and thermo diffusion between the particle and neighboring fluid molecules is confined. It is such that the forces exerted by the nanoparticle on fluid molecules in spatial locations at a distance of d inf or more from the center of the nanoparticle under observation are negligibly minimal. In essence, all electro-thermal fluctuations of the particle are confined within the d inf . The d inf is calculated based on the criterion of stability of the suspended particle in conjunction with thermo and electro diffusion within the fluid. As formulated based on numerous experimental observations, d inf is mathematically expressed as
Within the formulation, the term ξ denotes the enhancement factor by which the electro-thermal influence of the particle is perceived by the polar fluid when stabilized in it. However, it is difficult to model the variable δ in terms of direct mathematical analysis and has been determined through intuitive analysis of a voluminous body of experimental data. The parameter δ has been proposed as the thermo-dielectric stability correlation factor and provides a perspective on the stability of the particulate phase under the influence of thermal diffusion in presence of the EDL. δ has been observed to have a general mathematical structure for all nanomaterials in variant polar fluids, and can be expressed as
The variables χ and ψ represent integral exponents which govern the thermal and electrical diffusive components of the dispersed phase within the fluid. The magnitudes of the two variables can provide a picture of the thermal and electrical response of the particles within the fluid. The density of the particulate phase, ρ np , is also an important governing parameter since it decides the stability of the dispersed phase within the fluidic phase, as derivable from the Stokes-Einstein's formulation. As intuition predicts, a denser dispersed phase will lead to a less stable system. Also, higher values of thermal conductivity and dielectric constant will lead to higher diffusive response of the particle within the fluid, leading to higher d inf , and therefore the form of Eqn. (5) is physically valid.
On the contrary, τ r is a governing parameter that is dependent on the thermal coupling between the dispersed and the fluidic phase. It is diffusion dominated and quantifies the thermal state of the colloidal system and provides insight into the randomness of the particulate phase. It can be expressed mathematically as
The factor is a function of the ratio of thermal conductivity of the particulate phase to that of the fluidic phase, k f . This has a similitude to the classical formalisms based on the Enskog equation with simplified scattering parameter [25] . The analytical solution for thermal conductivity of a low viscosity liquid from the simplified Enskog equation contains a similar term where the ratio of the thermal conductivity of the fluidic phase of interest to that of a dilute gas phase is important. In essence the ratio of transport properties of a semi-condensed phase to a gas phase system becomes important. Similarly, here, the ratio of transport parameters of a condensed phase system to a semicondensed phase is important to quantify transport within the colloidal system as a whole.
The higher the thermal conductivity with respect to the fluidic phase, the higher is the response of the colloidal system to temperature. Higher the ratio, the ability of the dispersed phase to extract more heat from a given set of spatial coordinates at The electrical conductivities of the nanocolloids were theoretically determined [9] and used in the formulation. This is indicative of the general validity of the present model. a given temporal instant is higher than its fluidic counterparts. Due to larger extraction of thermal energy and distribution to other spatial locations owing to subsequent diffusion, the thermal conductivity of such colloids are better augmented than for colloids with lower ratios of k np /k f . This is in fact established by detailed experimental reports [4] , [26] . τ r being a response quantifier should also be a function of a diffusive term. It is observed to be an inversely dependent function of the absolute temperature. Interestingly enough, the inverse of the absolute temperature is often the qualitative projection of the thermophoretic or the Ludwig-Soret diffusion coefficient of a liquid based dispersion system [27] .
This sheds light onto the physical aspects of thermal and electrical transport involved in nanocolloids. The presence of the thermodiffusion term signifies that transport is governed by the thermal response of the particulate phase within the fluidic matrix. The transport parameters, being coupled as explained through the preceding analysis, leads to charge conduction. This in essence provides a quantitative reasoning of the similar response of the thermal and electrical transport properties of nanocolloids to temperature [3] , [9] .
The viscous component within the formulation (see Eqn. (2)) is index corrected to compensate for the difference in viscous characteristics of the nanocolloid from that of the fluidic phase. The correction comprises of raising the dynamic viscosity of the fluidic phase to an index, m, proposed as a viscosity correction index. It is noteworthy that the present approach is valid for fluidic systems where the thermal conductivity and viscosity can be predicted fairly accurately from the analytical solutions of the scattering simplified Enskog equation [25] . The solution for the dynamic viscosity of a low viscosity liquid from the simplified Enskog equation contains a similar term where the ratio of the viscosity of the concerned fluid to that of a dilute gaseous phase (as derived from kinetic theory predictions) is important.
Corrective approach on the viscous behavior of the dilute gas can provide fairly accurate predictions of the dynamic viscosity of liquid phases with low or moderate viscosities. The analytical solution of Enskog equation therefore cannot determine the magnitude of viscosity of highly viscous fluids since the intermolecular attractive potentials are much higher compared to a dilute gas. Therefore, the present formulation cannot bridge the transport phenomena in highly viscous fluids such as glycerol, viscous mineral oils, etc., however, it is interesting to note that for fluids with viscosities moderately higher (within an order of magnitude) than systems such as water or similar fluids, the transport parameters can be bridged by further correcting the viscosity component utilizing the proposed methodology.
The main philosophy behind the approach lies in correcting the viscous characteristics of the fluid so as to accommodate the fluid within the limits of low viscosity so that intermolecular potentials do not hinder the transport processes. It involves correcting the magnitude of the dynamic viscosity effectively by the use of the parameter m. It qualitatively maps the intermolecular randomness and interactivities of the fluid medium under observation with respect to that of a fluid medium whose viscosity can be predicted from the modified Enskog equation. It can be expressed as
As observable from Eqn. (3), m is a function of the concentration of the particulate phase, and therefore, the corrective approach is only possible for colloids and not for the base fluids. This is representative of the fact that it maps the motion of the dispersed phases caused by the thermal motion of the fluid molecules and then corrects the viscous forces within the colloid. The factor n correlates the molecular randomness of a fluidic media to that of another fluid. In case the viscosity of the reference fluid can be derived based on Enskog's formalism, the above approach can accurately correct the viscous properties of the subject fluid. n is expressible as
where n correlates the thermal energy (E = k B T, k B is the Boltzmann constant) of the fluidic system with respect to that of another fluidic system which closely follows the predictions of the Enskog equation (subscripted as "ref"). Water has been utilized as such a reference fluid. If the fluid of interest is also water, the magnitude of n is simply unity. For other fluidic phases, where the thermal states are not clearly understood due to their divergence from the Enskog equation, the factor can be utilized to scale the viscous forces accurately. From thermodynamic point of view, the absolute temperature of a system can provide a qualitative picture of the thermal randomness of the system. At the solid-liquid first order phase transition point, the fluidic system is converted to solid phase and the mobility of the fluidic molecules ceases to exist. It is at this state that the fluidic system with respect to the particulate phase can be assigned a reference state of zero molecular mobility. Thereby, the difference of the temperature of interest with respect to the melting point temperature provides an assessment of the thermal state of the system. The ratio of the difference to that of the difference for the reference fluid thereby provides an index to correlate the thermal states of the two fluids, which is used to scale the viscous forces at a given temperature. However, the expression in Eqn. (3) also requires a mathematical expression for the normalizing variable f. Viscosity scaling requires a basic index that can provide a quantitative magnitude of the degree to which the fluidic phase is more viscous than the reference fluid. Essentially a viscosity rank correlation, it has been denoted by β. Since viscosity is a strong function of temperature, the magnitude by which a fluid is more viscous than another changes nonlinearly with temperature. Thereby, a rank correlative approach to determine β is assorted to. The mathematical expression for β is expressed as Fig. 6 . Theoretical electrical conductivity [9] of water based alumina nanocolloids compared against values predicted by the present approach. The thermal conductivities of the nanocolloids were adapted from literature [18] .
The approach involves determining the product of the viscosities of the fluidic phase at particular temperatures within a pre-determined temperature range, at a fixed sampling interval (indicated by the numerator of Eqn. (5)). The same procedure is followed for the reference fluid, whose viscosity can be predicted within appreciable limits by the analytical Enskog approach (indicated by the denominator of Eqn. (5)). The point of interest lies in the data sampling frequency involved since the accuracy of predictability of the viscous forces depends on the value of β. The normalizing factor f is derived based on exponent based reduction of β. Mathematically, the expression in Eqn. (6) is found to be the most consistent approach, as observed from data analysis of detailed experimental results.
The physical significance of the normalizing factor in essence is simple. β, obtained from a rank correlative approach provides the degree to which the fluidic system is more viscous than the reference system over a preset range of temperatures. However, β requires normalization and needs to be expressed for a specific mean temperature within the utilized temperature range. Thereby, an equivalent geometric mean is utilized to obtain the factor f. The parameter involved in the geometric normalization process requires the effective temperature spectral range utilized in the ranking process and the temperature sampling magnitude utilized. The mathematical expression for the same is expressed as
B. Results and Validation
The present formulation has been validated with a large volume of data. Thermal conductivity data from experiments performed and literature have been utilized to predict electrical conductivity data and compared with experimental values. The exact alternate, wherein measured electrical conductivity values have been utilized to predict thermal conductivity and compared with experimental results; has also been presented. Figs. 2-6 illustrate the predictability of the model against experimental data.
Although good predictability is observed from the validation plots, deviations can be observed at higher concentrations and temperatures. The present empirical model rests on the simplified diffusive potential of the nanoparticles within the fluid system, and as such works good as long as the diffusive behavior is not highly amplified or completely damped out. In case of high temperatures, Brownian and Soret diffusivities are too arbitrary and of high magnitudes and therefore, the simplistic model fails to capture the same.
Furthermore, at high concentrations or in case of high viscosity fluids, the diffusivities are too damped out and thereby the model often over-predicts the transport behavior in such systems. The present model also fares poor wherein metallic nanoparticles are concerned. Metals possess high values of thermal conductivities and hence their thermal diffusion within the system is too high to be accurately predicted by the present model.
III. CONCLUSION
To infer, an analytical, semi-empirical formulation has been proposed based on observational and intuitive analyses of experimental data in order to bridge the thermal and charge transport phenomena in dielectric particle based polar nanocolloids. The formulation allows deducing the thermal transport characteristics based on known charge transport characteristics and vice versa and has been proposed along the lines of the WiedemannFranz law. The approach has been found to predict the transport properties with good accuracy when compared against reported experimental data or against data deduced from reported theoretical models. The formulation sheds insight onto the similar mechanism of heat and charge transport in nanocolloids via diffusive transport of the dispersed phase across the fluidic medium. Further insight onto the roles of Brownian diffusivity, thermophoretic or Ludwig-Soret diffusion and electrophoretic diffusion and their implications on transport characteristics is achieved through the present extensional analogy approach. 
